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Devwudfw
Wkh Frsxod ixqfwlrq lv frqvlghuhg zlwklq wkh frqwh{w ri qdqfldo pxowl0
yduldwh gdwd vhwv wkdw duh qrw qrupdoo| glvwulexwhg1 Wkh Ehuqvwhlq sro|qr0
pldo dssur{lpdwlrq wr frsxodh lv jlyhq dqg prwlydwhg e| lwv ghvludeoh surs0
huwlhv1 Wkh pxowlyduldwh frqyhujhqfh surshuwlhv duh dqdo|}hg1 Wkh frqfhsw
ri Ehuqvwhlq frsxod lv lqwurgxfhg dv d jhqhudol}dwlrq ri vrph elyduldwh dqg
kljkhu glphqvlrqdo idplolhv ri frsxodh1 Vwdwlvwlfdo surshuwlhv ri wkh Ehuqvwhlq
frsxod duh vwxglhg wrjhwkhu zlwk lpsohphqwdwlrq lvvxhv uhodwhg wr sruwirolr
wkhru| dqg h{shfwhg xwlolw| rswlpl}dwlrq1
Nh| zrugv= Frsxodh> Ehuqvwhlq sro|qrpldov> dssur{lpdwlrq wkhru|>
sruwirolr rswlpl}dwlrq1
MHO= J44/ F7<1
Zh zrxog olnh wr wkdqn Pdun Vdoprq iru lqwhuhvwlqj xv erwk lqghshqghqwo| lq wklv wrslf1
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4 Lqwurgxfwlrq
Pxowlyduldwh qrupdolw| lv riwhq dvvxphg lq sruwirolr wkhru| lq rughu wr gudz vlp0
soh uhvxowv1 Krzhyhu/ wkh qrupdolw| dvvxpswlrq lv ylrodwhg lq sudfwlfh1 Ilqdqfldo
uhwxuqv duh irxqg wr eh ohswrnxuwlf/ lqwhu dold Pdqghoeurw +4<96/ 4<<:, dqg Idpd
+4<98,1 Wkhuhiruh/ d glhuhqw nlqg ri dssurdfk lv qhhghg lq prgholqj pxowlyduldwh
uhwxuqv zkhq frqvwuxfwlqj d sruwirolr1 Lw lv ghvludeoh wr qg d jhqhudo irup iru
d glvwulexwlrq wkdw zrxog doorz xv erwk wr ghvfuleh wkh erg| ri wkh glvwulexwlrq
dqg wkh wdlov1 Wklv lv sduwlfxoduo| wuxh iru pxowlyduldwh gdwd zkhuh wkh ghjuhh ri
glvshuvlrq lv kljk dqg wkh wdlov ri d glvwulexwlrq ehfrph pruh lpsruwdqw1 Lq jhq0
hudo lw lv ghvludeoh wr kdyh d glvwulexwlrq wkdw frxog eh xvhg wr prgho erwk qrupdo
dqg h{wuhph hyhqwv/ d vlwxdwlrq uhohydqw wr qdqfldo hfrqrplfv1 Pruhryhu/ furvv
ghshqghqfh dqg dvvrfldwlrq dprqj dvvhwv fdqqrw eh ixoo| fdswxuhg e| vxfk olqhdu
phdvxuhv dv fruuhodwlrq1 Wkhuhiruh/ lw lv qhfhvvdu| wr frqvlghu pruh jhqhudo nlqgv
ri ghshqghqfhv wr prgho wkh mrlqw glvwulexwlrq ri qdqfldo uhwxuqv1 Krzhyhu/ uh0
vxowv vkrxog doorz iru ixuwkhu lqihuhqfh dqg sudfwlfdo lpsohphqwdwlrq1 Wkh sxusrvh
ri wklv sdshu lv wr dgguhvv wkh deryh sureohpv doorzlqj iru vroxwlrqv wkdw fdq eh
xvhg iru lqihuhqfh sxusrvhv1 Rxu dssurdfk fdq eh vhhq dv d frpshwlwlyh dowhuqdwlyh
wr pxowlyduldwh qrupdolw|/ ru hoolswlf glvwulexwlrqv lq jhqhudo zkhq prgholqj wkh
frqvwuxfwlrq ri d sruwirolr1
Zh frqvlghu wkh xvh ri frsxodh dqg wkhlu srwhqwldo dssolfdwlrq wr sruwirolr frq0
vwuxfwlrq1 Krzhyhu/ wklv lv qrw d vxuyh| ri frsxodh*v idplolhv1 Zh suhvhqw dq
dssur{lpdwlrq wr frsxodh wkdw lq vrph lqvwdqfhv lv h{dfw iru fhuwdlq idplolhv xs wr
dq dgglwlyh whup1 Wklv dssur{lpdwlrq lv rewdlqhg wkurxjk Ehuqvwhlq sro|qrpldov1
Lw kdv vrph ghvludeoh surshuwlhv olnh suhvhuylqj frqyh{lw| ri doo rughuv1 Ehuqvwhlq
sro|qrpldov duh frqqhfwhg zlwk wkh wkhru| ri vlqjxodu lqwhjudov/ zlwk suredelo0
lw| +Ihoohu/ +4<99, s1 54;0563,/ zlwk wkh vxp ri glyhujhqw vhulhv dqg zlwk rwkhu
eudqfkhv ri pdwkhpdwlfv/ Oruhqw} +4<86,1
Zh zloo glvfxvv wkh xvh ri Ehuqvwhlq sro|qrpldov wr dssur{lpdwh ixqfwlrqv rq
wkh xqlw k|shu0fxeh1 Zh frqvlghu wkhlu vshhg ri frqyhujhqfh wr wkh dssur{lpdwhg
ixqfwlrq1 Pruhryhu/ zh hvwdeolvk wkh olqn ehwzhhq wkh frsxod ixqfwlrq dqg Ehuq0
vwhlq sro|qrpldov/ vxemhfw wr sdudphwhu uhvwulfwlrqv1
Kdylqj glvfxvvhg wkh qhfhvvdu| wkhruhwlfdo uhvxowv/ zh frqfhqwudwh rq lwv sudfwl0
fdo xvh lq qdqfldo hfrqrplfv1 Zh wkhruhwlfdoo| ghulyh wkh ghqvlw| dqg fkdudfwhulvwlf
ixqfwlrq ri dq duelwudu| & glphqvlrqdo sruwirolr zlwk {hg pdujlqdov1 Iru rxu sxu0
srvh wkh pdujlqdov duh Zhlexoo glvwulexwlrqv1 Wkhvh qg wkhruhwlfdo mxvwlfdwlrq lq
wkh wkhru| ri pxowlsolfdwlyh surfhvvhv dqg duh sduwlfxoduo| vxlwhg iru idw wdlov dqg
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h{wuhph ydoxh wkhru|> vhh Iulvfk dqg Vruqhwwh +4<<:,/ dqg Odkhuuºuh dqg Vruqhwwh
+4<<;,1 Uhjdugohvv ri wkh glphqvlrq dqg ghshqghqf| frpsoh{lw| ri wkh sruwirolr/
lwv fkdudfwhulvwlf ixqfwlrq lv hdvlo| ghulyhg1 Zh vkrz wkdw rqfh d uhvxow lv hvwde0
olvkhg iru wkh xqlyduldwh fdvh lwv h{whqvlrq wr & glphqvlrqv lv wulyldo e| yluwxh ri wkh
xvh ri wkh Ehuqvwhlq dssur{lpdwlrq1 Pruhryhu/ wkh fkdudfwhulvwlf ixqfwlrq ri wkh
sruwirolr fdq eh wudqviruphg yld wkh xvh ri d frqvwdqw ulvn dyhuvlrq xwlolw| ixqfwlrq
dqg rswlpl}hg zlwkrxw glvfduglqj lqirupdwlrq dv lq phdq0yduldqfh rswlpl}dwlrq1
D zrunhg h{dpsoh vkrzv wkh srwhqwldo ri rxu dssurdfk1
Wkh sodq iru wkh sdshu lv dv iroorzv= vhfwlrq 5 glvfxvvhv wkh uhdvrqv iru xvlqj
frsxodh lq sruwirolr rswlpl}dwlrq> vhfwlrq 6 frqvlghuv wkh dssur{lpdwlrq ri frqwlqx0
rxv ixqfwlrqv lq wkh & glphqvlrqdo k|shu0fxeh> vhfwlrq 7 irfxvhv rq vrph whfkqlfdo
lvvxhv ri frsxodh dqg ghqhv sdudphwulf frqglwlrqv rq wkh Ehuqvwhlq sro|qrpldo wr
eh d frsxod> vhfwlrq 8 xvhv wkh Ehuqvwhlq dssur{lpdwlrq wr ghulyh uhvxowv uhodwhg wr
sruwirolr rswlpl}dwlrq dqg suhvhqwv d vlpsoh zrunhg h{dpsoh> vhfwlrq 9 frqfoxghv
wkh sdshu1 Wkh dsshqgl{ frqwdlqv vrph surriv dqg jlyh dq dowhuqdwlyh uhsuhvhqwd0
wlrq ri wkh Ehuqvwhlq frsxod wkurxjk wudqvfhqghqwdo ixqfwlrqv olnh wkh lqfrpsohwh
ehwd ixqfwlrq dqg Jdxvv* k|shujhrphwulf vhulhv1
5 Sruwirolr Wkhru| dqg Glvwulexwlrqv
Uhvxowv edvhg rq qrupdolw| pljkw qrw eh dssursuldwh iru rswlpdo sruwirolr frq0
vwuxfwlrq dqg pdqdjhphqw1 Rswlpdo sruwirolrv rffxu lq doo duhdv ri lqwhuwhpsrudo
hfrqrplfv1 Lw pd| eh qhfhvvdu| wr ghulyh txdqwlwdwlyh uhvxowv wkdw gr qrw uho| rq
qrupdolw|1
Iru h{dpsoh/ wkh glvwulexwlrq ri uhwxuqv lv ri ixqgdphqwdo lpsruwdqfh lq wkh
fdslwdo dvvhw sulflqj prgho +FDSP,1 Dv Kdjhupdq +4<:;, sxwv lw/ li wkh glvwulex0
wlrq ri vhfxulw| uhwxuqv lv qrw vwdeoh xqghu dgglwlrq/ lw lv kdug wr hqylvlrq d wkhru|
ri krz wr frpelqh vhfxulwlhv rswlpdoo| lqwr sruwirolrv1 Wrelq +4<8;, vkrzhg wkdw
li dvvhw uhwxuqv duh qrupdoo| glvwulexwhg wkhq wkh yduldqfh lv wkh surshu phdvxuh ri
ulvn1 Fdslwdo dvvhw sulflqj prghov w|slfdoo| dvvxph qrupdolw| ru hoolswlflw| lq wkh
glvwulexwlrq ri uhwxuqv1 Li wklv dvvxpswlrq lv qrw ydolgdwhg/ wkhq wkh prgho pljkw
gholyhu uhvxowv wkdw duh qrw vdwlvidfwru|1
Wkh vwxg| ri qdqfldo uhwxuqv gdwhv edfn wr wkh ehjlqqlqj ri wkh odvw fhqwxu|1
Edfkholhu +4<33, zdv wkh uvw wr uljrurxvo| vwxg| wkh ehkdylru ri vshfxodwlyh sulfhv1
Wkh uhvxowv ri klv wkhvlv lpsolhg wkdw sulfh fkdqjhv duh lqghshqghqw dqg lghqwlfdoo|
glvwulexwhg1 Wkdw lv/ uhwxuqv duh zklwh qrlvh1 Wklv grhv qrw lpso| wkdw wkh| duh
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Jdxvvldq/ l1h1 vwulfw zklwh qrlvh1
Pdqghoeurw +4<96, vwduwhg wr uhylyh lqwhuhvw lq wkh wlph vhulhv surshuwlhv ri
dvvhwv sulfhv1 Kh revhuyhg wkdw wkh xqfrqglwlrqdo glvwulexwlrq ri pdq| hfrqrplf
dqg qdqfldo yduldeohv kdyh wklfn wdlov1 Ixuwkhu/ kh qrwlfhg wkdw yduldqfhv duh qrw
frqvwdqw dqg wkdw wkh| duh fruuhodwhg= odujh fkdqjhv duh iroorzhg e| odujh fkdqjhv
ri hlwkhu vljq1
Vhulrxv h{dplqdwlrq ri wkh qrupdolw| dvvxpswlrq lq wkh FDSP e| Idpd +4<98,
frquphg Pdqghoeurw*v qglqjv1 Erwk ri wkhp sursrvhg wkdw vhfxulw| uhwxuqv iro0
orz d vwdeoh v|pphwulf glvwulexwlrq zlwk dq lqqlwh yduldqfh1 Rwkhu wzr frpshwlqj
k|srwkhvhv zhuh sursrvhg1 Rqh dvvxphv wkdw d pl{wxuh ri qrupdo xqghuo|lqj glv0
wulexwlrqv lv wkh uhvxow ri wkh hpslulfdo glvwulexwlrq ri uhwxuqv1 Wkh vhfrqg lv wkdw
gdlo| vhfxulw| uhwxuqv iroorz d vwxghqw*v |0glvwulexwlrq zlwk pruh wkdq wzr ghjuhhv
ri iuhhgrp1 Iru ixuwkhu glvfxvvlrq dqg hpslulfdo vwxg| vhh Kdjhupdq +4<:;, dqg
Nrq +4<;7,1
Wkh lpsolfdwlrq iru wkh vwdelolw| rq wkh wdlo ri wkh glvwulexwlrq lv glvfxvvhg qh{w1
Iru h{dpsoh/ li ‘ lv dq k0vwdeoh udqgrp yduldeoh/ wkhq iru k 	 2c h E‘ : 
* 3ku E c zkhuh u E lv d vorzo| ydu|lqj ixqfwlrq> vhh Ihoohu +4<99, s1 59;1
Krzhyhu/ li k ’ 2 zh kdyh Eurzqldq prwlrq dqg wkh wdlo ehkdylru glhuv iurp
wkh deryh fdvh1 Wkhuhiruh/ iru k 	 2c wkh uhwxuqv fdq eh forvho| dssur{lpdwhg e|
d olqh zlwk vorsh htxdo wr k lq orj0orj sorw Wkh qglqj ri Pdqghoeurw iru frwwrq
sulfh fkdqjhv vkrzhg k ’ . +vhh Pdqghoeurw +4<<:,/ s1 67,1 Wkh lqwhuhvwlqj
lpsolfdwlrq lv wkdw li/ iru h{dpsoh/ lq wkh fdvh ri k ’ 2 wkh suredelolw| ri uxlq lv
f32fc iru k ’ . wkh suredelolw| lv dssur{lpdwho| f31 Wklv vkrxog pdnh rqh
uh hfw ehiruh dvvxplqj qrupdolw|1
Ixuwkhupruh/ lw lv qhfhvvdu| wr xvh d phdvxuh wkdw doorzv xv wr ghulyh rswlpdo
zhljkwv iru d sruwirolr1 Lq rughu wr gr vr/ lw lv ixqgdphqwdo wr frqvwuxfw idplolhv ri
pxowlyduldwh glvwulexwlrqv zlwk d zlgh udqjh ri ghshqgdqfh surshuwlhv wkdw duh qrw
uhvwulfwhg wr kdyh qrupdo pdujlqdov1 Lq idfw/ li pdujlqdo ghqvlwlhv duh qrw qrupdo/ lw
lv lpsrvvleoh wr dvvxph pxowlyduldwh qrupdolw| iru wkhlu pxowlglphqvlrqdo h{whqvlrq1
Krzhyhu/ uhwxuqv wkdw duh qrw qrupdoo| glvwulexwhg zloo qrw kdyh d vwudljkwiruzdug
pxowlyduldwh ghqvlw| h{whqvlrq1 Wkhuhiruh/ lw lv lpsruwdqw wr qg dowhuqdwlyh zd|v
wr fkdudfwhul}h wkh mrlqw glvwulexwlrq ri qdqfldo uhwxuqv1
Pruhryhu/ wkh frqfhsw ri ghshqghqf| pxvw eh frpsohwho| uhylvhg rqfh wkh qru0
pdolw| dvvxpswlrq lv gursshg1 Zkloh wkh fryduldqfh pdwul{ fdswxuhv wkh hvvhqfh
ri ghshqghqf| iru qrupdoo| glvwulexwhg dvvhwv/ wklv grhv qrw krog iru yduldeohv wkdw
duh qrw qrupdoo| glvwulexwhg1 Edvlf suredelolw| vkrzv wkdw qr ghshqghqf| lpsolhv
}hur fryduldqfh/ exw wkh rwkhu zd| grhv qrw iroorz1 Wkh uhdvrq olhv lq wkh sduwlfxodu
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nlqg ri ghshqghqf| phdvxuhg e| wkh fryduldqfh/ qdpho| olqhdu ghshqghqf|1 Vhh
Hpeuhfkwv hw do1 +4<<<, iru ixuwkhu glvfxvvlrq rq wklv1
Rqh zd| wr wdfnoh wkh sureohp lv mxvw wr xvh vrph qrq sdudphwulf whfkqltxh1
Xvxdoo|/ qrq sdudphwulf whfkqltxhv duh qrw vfdoh lqyduldqw/ d ghvludeoh surshuw|
zkhq ghdolqj zlwk d frpsoh{ udqjh ri ghshqghqf| iru vhyhudo dvvhwv1 Qrqsdudphwulf
hvwlpdwlrq lv ixoo| jhqhudo/ exw ehfdxvh ri wklv lpsruwdqw lqirupdwlrq lv glvfdughg1
Dq lpsuryhphqw rq wklv fdq eh dfklhyhg e| vhplsdudphwulf hvwlpdwlrq1 Zh wklqn
lq sduwlfxodu ri wkh fdvh ri nqrzq ixqfwlrqdo irup iru wkh pdujlqdo glvwulexwlrqv1
Prvw lpsruwdqw/ pxowlglphqvlrqdo qrqsdudphwulf hvwlpdwlrq uhvxowv lq sureohpv
gxh wr wkh vsduvlw| ri gdwd1 Khqfh/ wkh vdpsoh vl}h qhfhvvdu| wr rewdlq dffhswdeoh
phdq vtxduh huuruv pxvw eh wrr odujh hyhq iru qdqfldo wlph vhulhv1 Hvwlpdwlrq ri
d whq glphqvlrqdo qrupdo ghqvlw| wkurxjk d qrupdo nhuqho zrxog uhtxluh d vdpsoh
vl}h ri ;75/333 wr hqvxuh d phdq vtxduh huuru ohvv wkdq 314 dw }hur> vhh Vloyhupdq
+4<;9,1
Wklv lv wkh uhdvrq iru orrnlqj wr vrph rwkhu dowhuqdwlyhv/ rqh ri lqwhuhvw ehlqj
frsxodh1 Krzhyhu/ ehiruh h{solflwo| orrnlqj dw frsxodh dqg wkhlu ghqlwlrq/ zh
frqvlghu vrph uhvxowv wkdw zloo eh lpsruwdqw lq wkh vhtxho dqg lq wkh glvfxvvlrq ri
wkh frsxod ixqfwlrq1
6 Dssur{lpdwlrqv
Wkhuh duh vhyhudo zd|v wr hvwlpdwh pxowlyduldwh glvwulexwlrq ixqfwlrqv1 Wkh fkrlfh
vkrxog eh edvhg rq krz pxfk rqh lv zloolqj wr dvvxph dqg krz pxfk h!flhqf|
rqh lv zloolqj wr jlyh xs1 Dv lw zloo eh vkrzq lq d zrunhg vlpxodwlrq/ d sdudphwulf
frsxod ixqfwlrq qrw rqo| jxdudqwlhv wkh h!flhqf| ri sdudphwulf hvwlpdwlrq/ exw lw
dovr doorzv iru d frpsoh{ udqjh ri ghshqgdqfh lq wkh gdwd1
Lq pdq| fdvhv wkh frsxod ixqfwlrq pljkw kdyh d yhu| frpsoh{ irup dqg ixu0
wkhu fdofxodwlrqv frxog eh gl!fxow wr shuirup/ iru h{dpsoh sruwirolr rswlpl}dwlrq1
Wkhuhiruh/ lw lv qhfhvvdu| wr dssur{lpdwh wkh hvwlpdwhg ixqfwlrq1 Khuh zh vxjjhvw
wkh xvh ri dq rshudwru zlwk vkdsh suhvhuylqj surshuw|/ l1h1 wkdw suhvhuyhv frq0
yh{lw| ri doo rughuv1 Vxfk d surshuw| lv lqghhg ghvludeoh/ reylrxvo| qrw qhfhvvdu|1
Zlwklq wkh fodvv ri olqhdu rshudwruv/ zh orrn dw Ehuqvwhlq sro|qrpldov1 Ehuqvwhlq
sro|qrpldov kdyh d vorzhu udwh ri frqyhujhqfh dv frpsduhg wr rwkhu sro|qrpldo
dssur{lpdwlrqv14 Krzhyhu/ wkh| kdyh wkh ehvw udwh ri frqyhujhqfh zlwklq wkh fodvv
4Wkh vlpsoh Ehuqvwhlq dssur{lpdwlrq fdq eh lpsuryhg e| wdnlqj olqhdu frpelwqdwlrqv> vhh
Exw}hu +4<85e,1 Ohw i +5o, 5 Ols eh wkh 5o ghulydwlyh ri i> wkhq/ Ex}whu +4<85e, vkrzv wkdw klv
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ri doo rshudwruv zlwk wkh vdph vkdsh suhvhuylqj surshuw|> vhh Ehuhqv dqg GhYruh
+4<;3,1 Lq wkh odvw wzr ghfdghv wkhuh kdv ehhq vrph lqwhuhvw iru dssur{lpdwlrq
wkhru| lq hfrqrphwulfv> lqwhu dold Skloolsv +4<;5/ 4<;6,1 Skloolsv dgyrfdwh wkh xvh
ri h{whqghg udwlrqdo dssur{lpdwhv/ wkrxjk iru glhuhqw sxusrvhv1 Krzhyhu/ lq wkh
vhwwlqj ri sruwirolr rswlpl}dwlrq dqg frsxodh/ zh qg wkh Ehuqvwhlq dssur{lpdwlrq
pruh wudfwdeoh dqg dghtxdwh wkdq/ iru h{dpsoh/ udwlrqdo sro|qrpldov1 Zh uhpdun
rq wklv odwhu zkhq zh suryh vrph frqyhujhqfh uhvxowv1 Pruhryhu/ vlpsoh uhvwulfwlrqv
rq wkh frh!flhqwv ri wkh sro|qrpldo doorz xv wr ghulyh d jhqhulf idplo| ri frsxodh1
Lw lv qhfhvvdu| wr qrwlfh wkdw vrph dssur{lpdwlrqv wr frsxodh lqfoxglqj wkh Ehuq0
vwhlq dssur{lpdwlrq kdyh ehhq uhfhqwo| frqvlghuhg lq wkh pdwkhpdwlfv olwhudwxuh
e| Nxosd +4<<:, dqg Ol hw do1 +4<<;, lq rughu wr ghqh frqyhujhqfh qrwlrqv wkdw
zrxog ohdg wr mrlqw frqwlqxlw| ri wkh -0surgxfw ghqhg e| Gduvrz hw do1 +4<<5,1
614 N Glphqvlrqdo Ehuqvwhlq Sro|qrpldov
Wkh wuhdwphqw lq wklv sdshu lv edvhg rq d frqglwlrq wkdw zh pdnh h{solflw1
Frqglwlrq 41 s G $ /   ?g/   ? / zkhuh s lv frqwlqxrxv/  dqg 
duh frpsdfw/ l1h1 s lv ghqhg rq wkh Edqdfk vsdfh F
do
/ wkh vhw ri doo frqwlqxrxv
erxqghg ixqfwlrqv lq 1
Wkh iroorzlqj lv d xvhixo wkhruhp rq olqhdu prqrwrqh rshudwruv1 Lw lv iroorzhg
e| wkh Zhlhuvwudvv dssur{lpdwlrq wkhruhp iru ixqfwlrqv ri & yduldeohv1 Wkhvh
wkhruhpv duh ixqgdphqwdo wr wkh xqghuvwdqglqj ri rxu dssur{lpdwlrq vwudwhj|1
Wkhruhp 41 Olqhdu Prqrwrqh Rshudwruv iru Ixqfwlrqv ri n Yduldeohv1 Xqghu
Frqglwlrq 4/ iru dq| vhtxhqfh ri prqrwrqh olqhdu rshudwruv C
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Wkhruhp 51 Zhlhuvwudvv Dssur{lpdwlrq iru Ixqfwlrqv ri n Yduldeohv +Vwrqh,1
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iru wkh ehvw sro|qrpldov ri rughu q=
5Wklv lv d sduwlfxodu lqvwdqfh ri wkh Vwrqh Zhlhuvwudvv wkhruhp1 Wkh surri jlyhq e| Vwrqh uholhv
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Uhpdun1 Wkh uhdghu vkrxog qrwh wkdw zh duh lqwhuhvwhg lq dsso|lqj wklv ds0
sur{lpdwlrq wr wkh frsxod ixqfwlrq1 Wkh frsxod lv d vshfldo fdvh ri d w0qrup dv
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D ehwwhu uhvxow fdq eh dfklhyhg e| wkh xvh ri Wkhruhp 614 lq Vfkxuhu dqg
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dqg wkh uhvxow iru wkh & glphqvlrqdo fdvh iroorzv1 Vhh Vfkxuhu dqg Vwhxwho +4<;3,
iru d ghwdlohg wuhdwphqw ri wkh wzr glphqvlrqdo fdvh1 Wkhlu dssurdfk lv voljkwo|
glhuhqw wkdq rxuv1 Krzhyhu/ wkh dfwxdo fdofxodwlrqv ehfrph surklelwlyh yhu| vrrq1
Dq dowhuqdwlyh surri wkdw lv lqvwuxphqwdo lq vkrzlqj wkh surshuwlhv ri wkh Ehuq0
vwhlq rshudwru lv wkurxjk lwv Ulhpdqq Vwlhowmhv lqwhjudo uhsuhvhqwdwlrq1 Lwv h{whqvlrq
fdq eh xvhg iru vkrzlqj uhvxowv uhodwhg wr qrqsdudphwulf hvwlpdwlrq +Vdqfhwwd dqg
Vdwfkhoo/ 5334,1 Zh vkrz lw iru wkh xqlyduldwh fdvh dqg wkhq h{whqg lw wr wkh &
glphqvlrqdo vsdfh1 Wkh huuru lq wkh dssur{lpdwlrq fdq eh zulwwhq dv iroorzv/
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Wkh pxowlyduldwh h{whqvlrq iroorzv e| qrwlflqj wkh iroorzlqj1
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l1h1 wkh rshudwru fdq eh dssolhg uhfxuvlyho|1 Wkhuhiruh/ wkh pxowlyduldwh Ehuqvwhlq
rshudwru lv d & lwhudwh ri wkh Ehuqvwhlq rshudwru1 Zulwlqj wkh pxowlyduldwh Wd|oru
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Dv zh lqfuhdvh wkh glphqvlrq ri wkh rshudwru/ lw lv dssduhqw wkdw lwv shuirupdqfh
dw wkh hqg srlqwv lv uhodwlyho| vxshulru1 Pruhryhu/ wr hvwdeolvk wkh dssur{lpdwlrq
lw lv rqo| uhtxluhg wr hydoxdwh wkh ixqfwlrq dw glhuhqw srlqwv dqg wdnh d vxp1
Frpsxwdwlrqdoo|/ wklv lv dq hdv| wdvn wr shuirup hyhq iru kljk glphqvlrqv1 Wklv lv
qrw wkh fdvh iru rwkhu dssur{lpdwlrqv wkdw kdyh d idvwhu udwh ri frqyhujhqfh1
7 Wkh Frsxod Ixqfwlrq
Zh duh qrz lq wkh srvlwlrq ri frqvlghulqj wkh Ehuqvwhlq dssur{lpdwlrq lq frqmxqf0
wlrq zlwk wkh frsxod ixqfwlrq dv rxwolqhg lq Vhfwlrq 51 Zh vwduw e| jlylqj d eulhi
ryhuylhz ri frsxodh1
Frsxod ixqfwlrqv zhuh uvw xvhg lq wkh vwxg| ri phwulf vsdfhv1 D fodvvlfdo duwlfoh
rq wkhlu xvh lq vwdwlvwlfv lv Vnodu +4<:6,1 Doo wkh uhohydqw edvlf wkhru| lv h{sodlqhg
wkhuh1 Wkhuhiruh/ wkh uhdghu lv uhihuuhg wr lw iru d eulhi vhoi0frqwdlqhg glvfxvvlrq1
Ghwdlov dqg ixuwkhu uhihuhqfhv fdq eh irxqg lq Mrh +4<<6/ 4<<:, dqg Qhovhq +4<<:/
4<<;,1 Vrph duwlfohv ri lqwhuhvw duh lq Gdoo*Djolr hw do1 +4<<4,1
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Surri1 Vhh Vnodu +4<:6,
Vrph surshuwlhv zloo eh glvfxvvhg dv zh frqvlghu wkh surshuwlhv ri wkh Ehuqvwhlq
dssur{lpdwlrq1 Wkhuh duh pdq| idplolhv ri frsxodh1 Lq jhqhudo d sdudphwulf idplo|
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714 Wkh Ehuqvwhlq Dssur{lpdwlrq wr wkh Frsxod Ixqfwlrq
E| wkh Zhlhuvwudvv wkhruhp lw lv srvvleoh wr dssur{lpdwh wkh deryh & glphqvlrqdo
frsxod e| d Ehuqvwhlq sro|qrpldo/ l1h1
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 lv ghqhg dv lq wkh suhylrxv vhfwlrq1 Krzhyhu/ lw lv lqwhuhvwlqj
wr qrwh wkdw vrph vlpsoh idplolhv ri frsxodh kdyh d sduwlfxodu vwuxfwxuh wkdw yhu|
pxfk uhvhpeoh d Ehuqvwhlq sro|qrpldo1 Wkhvh duh idplolhv zlwk txdgudwlf/ fxelf
dqg k|shu0fxelf vhfwlrqv/ l1h1 pxowlyduldwh sro|qrpldov ri txdgudwlf ru fxelf rughu1
D vlpsoh h{dpsoh ri d frsxod zlwk sro|qrpldo vwuxfwxuh lv wkh Iduolh0Jxpeho0
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wkh Iduolh0Jxpeho0Prujhqvwhuq frsxod kdv yhu| olwwoh dssolfdwlrq wr uhdo sureohpv1
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ukr lv erxqghg lq devroxwh ydoxh e| *16 Vxemhfw wr vshflf frqvwudlqwv wkh deryh
frsxod fdq eh jhqhudol}hg wr d sro|qrpldo ri duelwudu| rughu1
Frsxodh zlwk sro|qrpldo vwuxfwxuh kdyh d qlfh lqwhusuhwdwlrq lq whupv ri frqgl0
wlrqdo suredelolwlhv1 Lq idfw/ wkh frqglwlrqdo frsxod lv edvlfdoo| wkh vdph frsxod exw
zlwk d orzhu glphqvlrqdo vhfwlrq lq wkh yduldeoh zh frqglwlrq rq1 Iru wkh frsxod
lq +7, wklv lpsolhv
YE

c 
2

Y
2
’ 

n w

E 

E 2
2
 +8,
Dv lw fdq eh vhhq/ +8, kdv olqhdu vhfwlrqv lq 
2
1 Iru d wuhdwphqw ri frsxodh zlwk
sro|qrpldo vwuxfwxuh dqg wkhlu surshuwlhv vhh Qhovhq +4<<;,1
Wkh iroorzlqj jhqhudol}dwlrq fdq eh suryhg wr eh d frsxod zlwk k|shu0fxelf
vhfwlrq lq 
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Fohduo|/ lwv uhvhpeodqfh wr d Ehuqvwhlq sro|qrpldo xs wr wkh dgglwlyh whup 
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lq +4,
lv d vwhs ixqfwlrq lq yluwxh ri lwv dujxphqwv1 Li zh ohjlwlpdwho| ohw k
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zh mxvw kdyh d Ehuqvwhlq sro|qrpldo1 Wkhuhiruh/ zh fdq uhihu wr lw
dv wkh Ehuqvwhlq frsxod1 Krzhyhu/ lwv lpsohphqwdwlrq dv d frsxod ixqfwlrq zrxog
uhtxluh dq hvwlpdwlrq surfhgxuh wkdw lv pruh lq wkh vslulw ri qrq vhplsdudphwulf
wkdq sdudphwulf hvwlpdwlrq1
Lw iroorzv iurp wkh surshuwlhv ri wkh Ehuqvwhlq olqhdu rshudwru wkdw k E|

c |
2
c c |
&

sod|v d fuxfldo uroh lq ghwhuplqlqj wkh ghshqghqfh vwuxfwxuh ri wkh yhfwru ri xql0
irup udqgrp yduldeohv L ’ E

c    c 
&
1 Iru wkh deryh wr eh d frsxod/ uhvwulfwlrqv
kdyh wr eh lpsrvhg rq k E|

c |
2
c c |
&
1 Wkhq/ wkh sdudooho zlwk d frsxod lv gluhfw1
E| dq dssolfdwlrq ri vhw wkhru| wr wkh suredelolw| ri hyhqwv/ frsxodh vdwlvi| wkh
iroorzlqj lqhtxdolw|/ vhh Mrh +4<<:, ru Qhovhq +4<<;,/
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6Vshdupdq*v ukr lv d elyduldwh phdvxuh ri ghshqghqfh1 Iru d frsxod F+x4> x5,> lw lv ghqhg dv
V  45
4]
3
x4x5gF+x4> x5, 6
@ 45
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F+x4> x5,gx4gx5  6
zkhuh F+x4> x5, @ 4 x4  x5 .F+x4> x5, lv wkh vxuylydo frsxod1
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zklfk duh wkh Iuìfkhw erxqgv1 Pruhryhu/ Ec c 

c c  ’ 
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rxjkw wr eh vdw0
lvhg1 Wkh odwwhu frqglwlrq mxvw vd|v wkdw lqwhjudwlqj rxw doo wkh rwkhu yduldeohv/
zh duh mxvw ohiw zlwk rqh pdujlqdo/ wkdw pdujlqdo ehlqj wkh glvwulexwlrq ixqfwlrq
ri d xqlirup dfc o udqgrp yduldeoh1 Wkhuhiruh/ k E|

c c |
&
 ’ f lq +9, li dw ohdvw
&   ri lwv & dujxphqwv duh rqh1 Qrwlfh wkdw wkh Iuìfkhw erxqgv dsso| li dq| ri
wkh dujxphqwv lq E

c c 
&
 lv }hur/ wkhq k E|

c c |
&
 ’ f li dq| ri lwv dujxphqwv
lv htxdo wr }hur1
Lw iroorzv iurp vhfwlrq 614 wkdw +9, fdq eh uhjdughg dv dq dssur{lpdwlrq wr d
frsxod zlwk wkh iroorzlqj vwuxfwxuh=
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wkh dssur{lpdwlrq lv h{dfw +vhh wkh surri
ri wkhruhp 5 lq wkh dsshqgl{,/ wklv lv zk| zh fdq mxvw vxewudfw 
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&
iurp
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c c 
&
 dqg dgg lw rxwvlgh wkh Ehuqvwhlq rshudwru1 Wkhq/ zkdw zh rewdlq lv
+9,1 Wkh uhdvrq iru h{solflwo| h{wudfwlqj wkh whup 

   
&
lv wr jlyh dq lqwxlwlyh
uhsuhvhqwdwlrq ri d frsxod dv wkh vxp ri wkh lqghshqghqfh frsxod dqg d shuwxuedwlrq
idfwru wkdw fdq eh yhu| frpsoh{ lq qdwxuh1 Zh fdq vwdwh wklv lq d ohppd1
Ohppd 51 Dq| frsxod 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uhsuhvhqwv wkh fdvh ri lqghshqghqfh dqg C E
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 lv d shuwxu0
edwlrq idfwru frqwdlqlqj doo lqirupdwlrq derxw wkh ghshqghqfh ri E
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Surri1 Lw iroorzv e| wkh xqlirup frqyhujhqfh ri wkh Ehuqvwhlq rshudwru1
Uhpdun1 Qrwlfh wkdw C E
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 lv wkh glvwdqfh ri wkh frsxod iurp wkh lq0
ghshqghqw frsxod1 Wklv lv erxqghg deryh dqg ehorz e| wkh Iuìfkhw erxqgv1 Iru d
50frsxod/ wkh Iuìfkhw erxqgv ghqh d vnhzhg txdgulodwhudo zkhuh wkh surgxfw frsxod
lv wkh sduderorlg lqvlgh lw1
Iru wkh Ehuqvwhlq dssur{lpdwlrq/ vrph sduwlfxodu fduh lv qhhghg iru wkh shu0
wxuedwlrq idfwru wr doorz iru d ydolg frsxod1 Zlwkrxw orvv ri jhqhudolw|/ zh irfxv
rq wkh elyduldwh fdvh1 Zulwh k


?
c 2
?2

 


?
c 2
?2

 
?
2
?2
/ zkhuh iru doo sudfwlfdo
pdwwhuv zh nqrz wkdw  E lv yhu| pxfk uhodwhg wr vrph frsxod  E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iru wkh wlph ehlqj/ zh zdqw wr wuhdw wkh Ehuqvwhlq dssur{lpdwlrq dv d frsxod lwvhoi
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zkhuh li  ’  wkhq  ’ 2 Wkh uvw frqglwlrq lv d frqvhtxhqfh ri wkh xsshu
Iuhfkìw erxqg1 Wkh vhfrqg iroorzv e| fxpxodwlyh glvwulexwlrq ixqfwlrqv vdwlvi|lqj
wkh uhfwdqjoh lqhtxdolw|1 Wkh wklug lv qhfhvvdu| iru kdylqj {hg pdujlqdov1 Wkh
irxuwk lv wulyldo1
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lv wkh Iuhfkìw xsshu erxqg1 Iru qr vlpsoh uhvwulfwlrq rq k
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lv wkh Iuhfkìw
orzhu erxqg dwwdlqhg1 D ihz rwkhu fkdudfwhulvwlfv duh dv iroorzv= shupxwdwlrq
v|pphwu| li k E|
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 lv v|pphwulf lq lwv dujxphqwv> v|pphwu| derxw phgldqv
li k


?
c 2
?
c c &
?

’ k

?3
?
c ?32
?
c c ?3&
?

c ?

’ ?

iru dq|  dqg 1
Ghshqgdqfh surshuwlhv fdq eh fkhfnhg iru wkh Ehuqvwhlq frsxod1 Wkh whupl0
qrorj| lv vwdqgdug lq pxowlyduldwh dqdo|vlv1 Iru d uhylhz vhh Mrh +4<<:, ru Qhovhq
+4<<;,1 D elyduldwh frsxod lv srvlwlyh txdgudqw ghshqghqw +STG, li
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l1h1 C E

c   f1 Lw lv qhjdwlyh txdgudqw ghshqghqw +QTG, li wkh lqhtxdolw| lv
uhyhuvhg1 STG lpsolhv wkdw odujh +vpdoo, ydoxhv ri rqh yduldeoh duh olnho| wr rffxu
zlwk odujh +vpdoo, ydoxhv ri wkh rwkhu1 QTG lpsolhv wkh rssrvlwh/ wkhq lw lv d
phdvxuh ri glvfrugdqfh1 Lw lv vwrfkdvwlfdoo| lqfuhdvlqj +VL, lq vd| 
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lv ghfuhdvlqj lq @
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iru dq| @

1 Vwrfkdvwlfdoo| ghfuhdvlqj lv rewdlqhg zkhq +:, lv
ghfuhdvlqj lq @
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lv ghfuhdvlqj lq @
2
iru dq| @

1 Wkhvh surshuwlhv dqg d ihz rwkhu lpsruwdqw rqhv fdq
eh hvwdeolvkhg rqfh wkh sdudphwhuv ri wkh sro|qrpldo duh nqrzq ru vrph ixqfwlrqdo
irup wr jhqhudwh wkh sdudphwhuv lv vshflhg1 Iru vlpsolflw| zh mxvw phqwlrqhg vrph
surshuwlhv iru wkh elyduldwh fdvh1 Lqghhg/ ghshqghqfh surshuwlhv duh hdvlhu wr kdqgoh
iru wkh elyduldwh fdvh/ exw wkh| dovr surylgh d ehwwhu lqwxlwlrq ehklqg wkh frqfhswv
iru wkh pxowlyduldwh h{whqvlrq1 Krzhyhu/ vrph jhqhudolw| lv orvw dqg qrw doo ghql0
wlrqv zloo gluhfwo| h{whqg wr wkh pxowlyduldwh fdvh1 Wkh uhdvrq iru ehlqj lqwhuhvwhg
lq wkhvh phdvxuh ri ghshqghqfh lv wkdw wkh| surylgh d olqn zlwk vwrfkdvwlf rughuv1
Vwrfkdvwlf rughuv fdq riwhq eh ghqhg iru yduldeohv kdylqj frpprq frsxod1 Wkh
idfw wkdw wkh frsxod lv lqyduldqw xqghu lqfuhdvlqj wudqvirupdwlrqv ri wkh pdujlqdov
doorzv xv wr dsso| lw qrw rqo| wr lqwhuwhpsrudo rswlpl}dwlrq/ exw dovr wr duhdv ri
hfrqrplfv vxfk dv lqfrph glvwulexwlrq dqg dssolfdwlrqv ri vwrfkdvwlf rughuv1 Zh
frqfoxgh wklv vxevhfwlrq dqg wxuq rxu lqwhuhvw wr wkh ghqvlw|1
715 Wkh Ehuqvwhlq Ghqvlw| Frsxod
Glhuhqwldwlqj +9, zlwk uhvshfw wr hdfk yduldeoh dqg uhduudqjlqj zh fdq hdvlo| vhh
wkh forvh olqn lq vwuxfwxuh zlwk wkh ghqvlw|/
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Glhuhqwldwlqj/ d whup lq wkh vxppdwlrq lv orvw dqg wkh frh!flhqwv ri wkh sro|qr0
pldo duh zulwwhq dv d glhuhqfh irup zklfk lv gluhfwo| olqnhg wr wkh jhqhudol}dwlrq
ri wkh uhfwdqjoh lqhtxdolw|/
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Wkh deryh uhvxow iroorzv e| dsso|lqj wkh glhuhqfh rshudwru { uhfxuvlyho|1 Wkhuh0
iruh/ zh fdq hdvlo| qg dq| ghulydwlyh zlwk uhvshfw wr dq| ri wkh yduldeohv1 Vhh
Oruhqw} +4<86, iru wkh xqlyduldwh fdvh1
Krzhyhu/ li lqwhuhvw olhv rq wkh ghqvlw|/ lw lv pruh frqyhqlhqw wr xvh wkh iroorzlqj
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ghqlwlrq iru wkh ghqvlw|/
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Khuh/ zh nhhs wkh rqh rxwvlgh wkh rshudwru iru h{srvlwlrqdo frqyhqlhqfh lq zkdw
iroorzv1 Wkh qhfhvvdu| dqg vx!flhqw frqglwlrqv iru lw wr eh d frsxod ghqvlw| duh
SE
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  f hyhu|zkhuh/ dqg wkdw lqwhjudwlqj rxw doo yduldeohv zh duh ohiw zlwk
rqh pdujlqdo1 Wkh vhfrqg frqglwlrq lv zruwk h{sorulqj1 Zh surfhhg lq dq khxulvwlf
zd|1 Dvvxph wkdw +;, lv d ydolg frsxod ghqvlw| zlwk xqlyduldwh pdujlqdov 
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Lqwhjudwlqj doo wkh yduldeohv +vhh Dsshqgl{ E iru vrph ghwdlov, dqg wdnlqj olplwv
ryhu wkhlu vxssruw iru &   ri wkhp/
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zulwwhq lq d frpsoh{ zd|/ wkh deryh h{suhvvlrq lv mxvw d sro|qrpldo ri rughu ?n1
Lw fdq eh zulwwhq +vhh wkh dsshqgl{, dv

,
’ 
,
n
?[
'f

?
&[

&
'f
q



?

c c

&
?
&


\
 ',

?




E

n c ?

 

n 


?
,

,

,n
,

,
n 
58 4E
,
n c 
,
 ?
,
( 
,
n 2(
,

’ 
,
n
?n[
R'
@
R
R
,
c
zkhuh
@
R

?[
'f

[

,
$R3

?
&[

&
'f
q



?

c c

,
?
,
c c

&
?
&


\
 ',

?




E

n c ?

 

n 


,[
^'f

?
,
^

E^ n 
R3^3
E^  ?
R3^3
^ n  E^ n 2
R3^3
c
4;
zklfk lv d vfdodu rewdlqhg e| froohfwlqj whupv ri wkh vdph rughu/ zkhuh E1
r
lv
Srfkkdpphu*v v|pero dqg lv ghqhg lq wkh dsshqgl{ Vlqfh wkh vhw ri prqrpldov
i$ vmv  ?j lv olqhduo| lqghshqghqw/ wkhq lw pxvw eh wuxh wkdw @
R
’ f iru doo R*v1
Krzhyhu/ lw lv qrw fohdu li wkhuh h{lvw d vroxwlrq wr @
R
’ f1 E| wkh Elqrpldo wkhruhp/
zklfk fdq eh vkrzq wr krog iru & glphqvlrqv +iru h{dpsoh vhh Fkhqh| dqg Zdug/
5333,/ zh nqrz wkdw wkh lqwhjudo ri d & glphqvlrqdo Ehuqvwhlq rshudwru lv htxdo wr


zkhq zh lqwhjudwh rxw doo rwkhu yduldeohv1 Lq idfw/ wkh vxp ri doo prqrpldov lv
htxdo wr }hur h{fhsw iru %f zklfk lv htxdo wr rqh1 Wkhuhiruh/ lw fdq hdvlo| eh vkrzq
wkdw wkhuh h{lvwv d vroxwlrq wr wkh deryh sureohp zklfk jxdudqwlhv wkh ghqvlw| wr eh
srvlwlyh hyhu|zkhuh1 Rqh pljkw dujxh wkdw lpsrvlqj wkh deryh uhvwulfwlrq grhv qrw
doorz wkh ghqvlw| wr eh h{dfwo| }hur dw wkh olplwv ri lwv frpsdfw vxssruw1 Krzhyhu/
zh duh frqfhuqhg zlwk d frsxod ghqvlw| dqg lwv wdlov glhu vxevwdqwldoo| iurp xvxdo
ghqvlwlhv1 Iru dq h{dpsoh/ wkh uhdghu lv uhihuuhg wr wkh dsshqgl{ iru wkh wkuhh
glphqvlrqdo judsk ri wkh Nlphogrui dqg Vdpsvrq frsxod ghqvlw|1 Wkh Nlphogrui
dqg Vdpsvrq frsxod lv ghqhg lq wkh qh{w vxevhfwlrq1 Lwv ghqvlw| lv xqerxqghg dw
wkh ruljlq1 Wkhuhiruh wkh Ehuqvwhlq dssur{lpdwlrq fdqqrw eh gluhfwo| dssolhg wr lw/
exw mxvw wr wkh fxpxodwlyh glvwulexwlrq1 Lq d zrunhg h{dpsoh ehorz/ zh zloo xvh d
frsxod zlwk erxqghg ghqvlw|1
Zkloh yhu| jhqhudo/ dwwhpswlqj wr hvwlpdwh d frsxod gluhfwo| iurp d Ehuqvwhlq
sro|qrpldo pljkw eh frpsxwdwlrqdo| lqihdvleoh dqg qrw h!flhqw1 Lw lv suredeo|
pruh uhdvrqdeoh wr xvh lw dv dq dssur{lpdwlrq diwhu kdylqj hvwlpdwhg d frsxod
wkurxjk pd{lpxp olnholkrrg ru vrph pd{lpxp hqwurs| dssurdfk wr jxdudqwhh
{hg pdujlqdov> vhh Mrh +4<;:,1 Lqghhg wkh fkrlfh lv txlwh ydvw dqg vkrxog ghshqg
rq vhyhudo idfwruv olnh gdwd dqg frpsxwlqj srzhu1 Pruhryhu/ lq pxowlglphqvlrqdo
ghqvlw| hvwlpdwlrq/ lw lv nqrzq wkdw gdwd duh pxfk pruh glvshuvhg dqg odujh vdpsoh
gdwd duh uhtxluhg hyhq iru vhplsdudphwulf ru sdudphwulf hvwlpdwlrq1 Whfkqltxhv
dqg vshflf phwkrgrorjlhv iru hvwlpdwlqj d & glphqvlrqdo frsxod zloo eh surylghg
lq ixwxuh zrun1
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716 Vshdupdq*v Ukr dqg wkh Prphqw Jhqhudwlqj Ixqfwlrq
ri wkh Ehuqvwhlq Frsxod
Dw wklv srlqw vrph oljkw fdq eh vkhg rq wkh ghshqghqf| surshuwlhv ri wkh Ehuqvwhlq
frsxod1 Wkh frsxod lv
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Zh qrz fdofxodwh Vshdupdq*v ukr1 Vshdupdq*v ukr lv d elyduldwh qrq0olqhdu phdvxuh
ri ghshqghqfh1 Lw lv wkh fryduldqfh ri wkh glvwulexwlrq ri wzr udqgrp yduldeohv xqghu
wkhlu mrlqw suredelolw| phdvxuh1 Wkhuhiruh/ dvvhwv zklfk kdyh }hur fryduldqfh/ frxog
kdyh srvlwlyh Vshdupdq*v ukr1 Lwv xvh lv dgyrfdwhg rq wkh edvlv ri wkh grfxphqwhg
qrq0olqldulwlhv lq qdqfh dqg lwv hdv| sudfwlfdo fdofxodwlrq1 Iru wkh Ehuqvwhlq frsxod
lw lv htxdo wr/
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Wkh uvw htxdolw| iroorzv e| wkh ghqlwlrq ri d Ehuqvwhlq frsxod dv wkh vxp ri wkh
fdvh ri lqghshqghqfh dqg d frpsoh{ shuwxuedwlrq whup/ l1h1
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Doo ghshqghqf| lqirupdwlrq lv frqwdlqhg lq wkh shuwxuedwlrq whup1 Hyhq zkhq wkh
Ehuqvwhlq frsxod lv xvhg dv dq dssur{lpdwlrq/ wkh deryh Vshdupdq*v ukr fdq eh
xvhg dv dq dssur{lpdwlrq wr wkh wuxh Vshdupdq*v ukr ri dq| frsxod1 Li hqrxjk
whupv duh lqfoxghg/ Vshdupdq*v ukr fdq eh hdvlo| irxqg wr dq| ghjuhh ri dffxudf|
zlwkrxw wkh qhhg ri hydoxdwlqj frpsolfdwhg lqwhjudov1 Krzhyhu/ fduh kdv wr eh xvhg
lq ghqlqj
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Iru wkh vdnh ri frpsohwhqhvv wkh prphqw jhqhudwlqj ixqfwlrq ri wkh ghqvlw| lq +;,
lv irxqg1 Zh gr lw iru wkh rqh yduldeoh fdvh1 Wkhq zh mxvw h{whqg lw wr wkh &
glphqvlrqdo fdvh1


E| ’
]
f
i T i|j SE_
’
?[
'f
q

?
?

 ]
f
i T i|jE ?3_c
zkhuh zlwkrxw orvv ri jhqhudolw| zh kdyh rplwwhg wkh uvw whup dqg devruehg lw lqwr
q  q  1 Ehiruh surfhhglqj dq| ixuwkhu/ zh qrwlfh wkh iroorzlqj +vhh Pdulfkhy
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 lv Nxpphu*v frq xhqw k|shujhrphwulf ixqfwlrq
dqg K ES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Wr rewdlq wkh prphqw jhqhudwlqj ixqfwlrq iru wkh & glphqvlrqdo Ehuqvwhlq dssur{0
lpdwlrq mxvw uhsodfh wkh xqlyduldwh uhvxow lq wkh pxowlyduldwh ghqlwlrq/
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Wkhvh uhvxowv fdq eh xvhg wr ixuwkhu lqyhvwljdwh wkh surshuwlhv ri wkh Ehuqvwhlq
frsxod dqg lwv dssur{lpdwlrqv1 Qrwlfh wkdw lq wkh fdvh ri dssur{lpdwlrqv wkh uhvxowv
duh txdolwdwlyho| jrrg exw txdqwlwdwlyho| plvohdglqj li d odujh rughu ri sro|qrpldov
lv qrw xvhg1 Krzhyhu/ dssur{lpdwlrq e| kljkhu rughu ri sro|qrpldov lv wulyldo
dqg qxphulfdoo| ihdvleoh1 Ghulylqj uhvxowv rq wkh mrlqw prphqwv ri wkh Ehuqvwhlq
frsxod lv txlwh hdv| lq yluwxh ri lwv lqfrpsohwh Ehwd ixqfwlrq uhsuhvhqwdwlrq1 Wkh
mrlqw prphqwv duh lpsruwdqw wr vwxg| wkh vfdoh iuhh ghshqghqfh surshuwlhv ri wkh
yduldeohv1
Wr jlyh d vlpsoh h{dpsoh ri wkh yldelolw| ri wkh Ehuqvwhlq dssur{lpdwlrq dqg
lwv udqjh ri ghshqgdqfh zh dssur{lpdwh wkh Nlphogrui dqg Vdpsvrq frsxod +vhh
h1j1 Mrh +4<<:, s1 474,/ zklfk lv htxdo wr
 Ec   3w n 3w  3 w 
Iljxuh L vkrzv wkh 6 glphqvlrqdo judsk ri wkh Nlphogrui dqg Vdpsvrq frsxod ghq0
vlw|17 Zh uhsruw wkh ydoxhv ri Vshdupdq*v ukr dv d ixqfwlrq ri wkh ghshqgdqfh
sdudphwhu w lq wkh dssur{lpdwlrq iru ?

’ ?
2
ri rughu fc f/ 83 dqg wkh fru0
uhvsrqglqj rqhv iru wkh Nlphogrui dqg Vdpsvrq frsxod +NV,1 Iljxuh LL dqg LLL
vkrz wkh frqwrxusorw ri wkh wzr frsxodh zkhq w ’ fS dqg ? ’ f1 Lq Wdeoh
L/ ydoxhv iru Vshdupdq*v ukr lq NV duh iurp Mrh +4<<:,/ ydoxhv iru wkh Ehuqvwhlq
frsxod +E
?
, zhuh fdofxodwhg rq d Shqwlxp 483 PK}1 Ehfdxvh ri frpsxwdwlrqdo
gl!fxowlhv wkh olplw ri wkh ghshqghqfh sdudphwhu wr lqqlw| zdv qrw fdofxodwhg iru
wkh dssur{lpdwlrq1 Glhuhqfhv duh irxqg dv d uhvxow ri sro|qrpldov ehlqj idluo|
7Iljxuhv dqg Wdeohv duh lq wkh Dsshqgl{1
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vorz lq dgmxvwlqj dw wxuqlqj srlqwv1 Lq wklv fdvh/ lpsuryhphqwv fdq eh dfklhyhg e|
lqfuhdvlqj wkh rughu ri wkh sro|qrpldo1 Wkrxjk wkh sro|qrpldo pljkw eh ri odujh
rughu/ lwv dfwxdo fdofxodwlrq lv vwudljkwiruzdug1 Lqghhg/ doo frpsxwdwlrqv uhtxluhg
ehwzhhq d iudfwlrq ri d vhfrqg dqg 53 vhfrqgv1 Wkh hydoxdwlrq ri wkh lqwhjudo iru
wkh frpsxwdwlrq ri Vshupdq*v ukr iru wkh Nlphogrui dqg Vdpsvrq frsxod frxog qrw
eh shuiruphg rq wkh vdph frpsxwhu xvlqj Pdsoh1 E| frqwudvw/ iru wkh Ehuqvwhlq
frsxod/ wkh fdofxodwlrqv rq wkh vdph frpsxwhu duh vwudljkwiruzdug1 D sro|qrpldo
ri rughu iw| lqfuhdvhv wkh frpsxwdwlrqdo wlph wr derxw wzhqw| vhfrqgv/ dqg wkh
huuru lv qrw wrr juhdw1
Hyhq wkrxjk zh uhvwulfwhg rxuvhoi wr Vshdupdq*v ukr/ rwkhu hvwlpdwruv fdq eh
hpsor|hg wr lqyhvwljdwh qrq olqhdu ghshqghqfh surshuwlhv1 Vhh Hpeuhfkwv hw do1
+4<<<,/ Mrh +4<<:, dqg Qhovhq +4<<;, iru d ghvfulswlrq ri rwkhu phdvxuhv ri ghshq0
ghqfh1
8 Lpsohphqwlqj dq H{wuhph Sruwirolr Ghqvlw|=
wkh Fdvh ri Pdujlqdo Zhlexoo Glvwulexwlrqv
Lq wklv vhfwlrq zh frqvlghu d &? pdwul{ f  df

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lv wkh |
froxpq1 Zh dvvxph wkdw wkh yduldeohv lq hdfk froxpq  ’ c c & duh _ frslhv ri
vrph udqgrp yduldeoh %

1 Krzhyhu/ qr uhvwulfwlrq lv lpsrvhg rq wkh ghshqgdqfh
dprqj froxpq yduldeohv1 Qrwlfh wkdw wklv dvvxpswlrq lv uhdolvwlf1 Zh fdq xvxdoo|
qg d olqhdu ru qrq olqhdu wlph vhulhv prgho vxfk wkdw wkh lqqrydwlrqv duh _1
JDUFKprghov duh dq h{dpsoh1 Rq wkh rwkhu kdqg/ d pxowlyduldwh vwdqgdugl}dwlrq
wr jhqhudwh d pdwul{ ri _ frslhv lv riwhq qrw ihdvleoh wr lpsohphqw dqg lq dq| fdvh
qrw dghtxdwh iru rxu sxusrvhv1 Zh wklqn derxw f
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dv ehlqj d yhfwru ri uhodwlyh
sulfhv1 Ohw wkh glvwulexwlrq iru hdfk udqgrp yduldeoh kdyh wkh iroorzlqj ixqfwlrqdo
irup dv %
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1 Zh duh lqwhuhvwhg lq wkh olplwlqj glvwulexwlrq
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lw lv qhfhvvdu| wr qg d vxlwdeoh vwdqgdugl}dwlrq1 Vwdqgdugl}lqj e| phdq
dqg vwdqgdug ghyldwlrq lv qrw dghtxdwh lq wklv fdvh vlqfh lqwhuhvw olhv lq wkh orfdo
ehkdylru lq wkh qhljkerukrrg ri }hur1 Fkrrvh ~W
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/ dv ? $ 4/ zklfk lv d Zhlexoo
glvwulexwlrq1 Vxfk d glvwulexwlrq kdv wkhruhwlfdo mxvwlfdwlrq lq wkh ghvfulswlrq ri
pxowlsolfdwlyh surfhvvhv lq qdwxuh dqg hfrqrplfv1 Wkh h{srqhqw K

lv wkh uhflsurfdo
ri wkh qxpehu ri pxowlsolfdwlyh surfhvvhv1 Vhh Iulvfk dqg Vruqhwwh +4<<:, iru wkh0
ruhwlfdo mxvwlfdwlrqv/ dqg Odkhuuºuh dqg Vruqhwwh +4<<;, iru hpslulfdo hylghqfh18
Krzhyhu/ d fkdudfwhul}dwlrq iru wkh uhwxuqv wkdw doorzv iru d juhdw ghdo ri jhq0
hudolw| fdq eh rewdlqhg e| wkh xvh ri wkh iroorzlqj prglhg Zhlexoo ghqvlw|/
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li K  c 6  f rwkhuzlvh/ lv htxdo wr wkh pd{lpxp ri d Zhlexoo19 Wkh sdudphwhu
lv vxfk wkdw wkh wzr vlghg glvwulexwlrq lv xqlprgdo1 Ixuwkhu jhqhudol}dwlrqv fdq
eh dfklhyhg doorzlqj iru dv|pphwu| dqg elprgdolw|1 Lq wkdw fdvh ixuwkhu fduh lv
qhhghg lq ghqlqj wkh vkliwlqj sdudphwhu1 Iru vlpsolflw|/ zh zloo qrw sxuvxh wkhvh
jhqhudol}dwlrqv1 Krzhyhu/ hyhq li d prglhg Zhlexoo lv xvhg wkh fdofxodwlrqv dqg
uhvxowv duh edvlfdoo| wkh vdph1 Wkhuhiruh/ qr jhqhudolw| lv orvv lq wkh vhtxho1
8Lq wkh whuplqrorj| ri wkhvh dxwkruv d Zhlexoo glvwulexwlrq lv fdoohg vwuhwfkhg h{srqhqwldo1
9Li uhodwlyh sulfhv kdyh d Zhlexoo glvwulexwlrq/ wkhq wkh uhwxuqv +l1h1 wkh orj ri uhodwlyh sulfhv,
kdyh d Ilvkhu0Wlsshw ghqvlw|1 Qhyhuwkhohvv/ d prglhg Zhlexoo lv ghqhg rq wkh uhdo qxpehuv
dqg doo uhvxowv suhvhqwhg gluhfwo| dsso| wr lw1 Ilvkhu0Wlsshw ghqvlw| fdq eh xvhg lq wklv iudphzrun
dv zhoo1 Qrwlfh wkdw Odkhuuºuh dqg Vruqhwwh +4<<;, xvhg d Zhlexoo glvwulexwlrq lq orj udqn sorw
iru wkh uhwxuqv +l1h1 wkh| glylghg wkh vdpsoh lqwr srvlwlyh dqg qhjdwlyh gdwd, dqg vkrzhg d yhu|
jrrg w1 Wkhuhiruh/ wkh xvh ri d prglhg Zhlexoo lv frqvlvwhqw zlwk wkhlu uhvxowv1
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Uhvwulfwlqj rxuvhoi wr wkh Zhlexoo glvwulexwlrq/ ohw 
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Krzhyhu/ lqwhuhvw grhv qrw gluhfwo| olh lq wkh mrlqw ghqvlw| ri wkh dvvhwv/ exw lq
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zkhuh B E lv wkh Gludf ghowd ixqfwlrq1 Zh qrz wxuq wr qglqj lwv fkdudfwhulvwlf
ixqfwlrq1
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814 Wkh Fkdudfwhulvwlf Ixqfwlrq
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Zh gr qrw frqvlghu wkh prphqw jhqhudwlqj ixqfwlrq ehfdxvh wklv grhv qrw h{lvw
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zloo riwhq eh ohvv wkdq > vhh Iulvfk dqg Vruqhwwh
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Wkh deryh h{suhvvlrq fdq eh hdvlo| glhuhqwldwhg zlwk uhvshfw wr | hydoxdwhg dw
}hur/ dqg wkhq zlwk uhvshfw wr 

li vrph nlqg ri lqgh{ qrwdwlrq lv lqwurgxfhg1 Wkh
59
surfhgxuh lv whglrxv/ exw vwudljkwiruzdug1 Lq wkh dsshqgl{ zh fdofxodwh wkh uvw
wzr prphqwv1
815 Pd{lpl}lqj wkh Qhjdwlyh H{srqhqwldo H{shfwhg Xwlolw|
Ixqfwlrq
Wkh fkdudfwhulvwlf ixqfwlrq ri 7 doorzv xv wr qg prphqwv dqg plqlpl}h wkhp zlwk
uhvshfw wr wkh zhljkwv jlyhq d uvw prphqw frqvwudlqw1 Krzhyhu/ vxfk d surfhgxuh
lv kljko| duelwudu| dqg luudwlrqdo iurp wkh srlqw ri ylhz ri d xwlolw| pd{lpl}hu1
Dvvxph dq djhqw kdylqj wkh iroorzlqj xwlolw| ixqfwlrq/
L ’  i T i7j
wkdw lv d qhjdwlyh h{srqhqwldo xwlolw| ixqfwlrq1 Wklv ixqfwlrq lv fkdudfwhul}hg e| d
frqvwdqw Duurz0Sudww frh!flhqw ri ulvn dyhuvlrq htxdo wr 1 Lw frxog eh dujxhg wkdw
wklv ixqfwlrq lv vxshulru wr txdgudwlf xwlolw| ixqfwlrqv lq uhsuhvhqwlqj suhihuhqfhv1
Txdgudwlf xwlolw| ixqfwlrqv h{klelw lqfuhdvlqj devroxwh ulvn dyhuvlrq lpso|lqj vdwl0
dwlrq dqg pruhryhu wkdw ulvn| dvvhwv duh lqihulru jrrgv1 Krzhyhu/ wkh| duh riwhq
xvhg wr ghulyh wudfwdeoh uhvxowv zkrvh ulvn fkdudfwhulvwlfv duh txhvwlrqdeoh1
Wkh h{shfwhg qhjdwlyh h{srqhqwldo xwlolw| ixqfwlrq lv htxdo wr
.L ’ . i T i7j +46,
zklfk lv mxvw htxdo wr plqxv wkh Odsodfh wudqvirup ri wkh zhdowk*v suredelolw|
ghqvlw| ixqfwlrq1 Qrwlfh wkdw wkh Odsodfh wudqvirup lv gluhfwo| uhodwhg wr wkh Irxulhu
wudqvirup e| d fkdqjh ri yduldeohv1 Ohw   | dqg wkh Odsodfh wudqvirup/ vd|
1
7
E| c fdq eh plqlpl}hg Vlqfh 
7
E| lv zulwwhq dv d olqhdu frpelqdwlrq ri dq
lqqlwh qrq frqyhujhqw vhulhv/ lw lv lpsrvvleoh wr qg d vroxwlrq wr wklv sureohp
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7
E| lv fkdudfwhul}hg e| rvfloodwlrqv ri k|shu0h{srqhqwldo rughu/ l1h1 lw
lv qrw d qlfho| ehkdyhg ixqfwlrq1 Krzhyhu/ lq wkh dsshqgl{ zh suryh wkh iroorzlqj
uhvxow1
Sursrvlwlrq1
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lv wkh | hqwu| lq yhfwru E@/
vlploduo| iru K

/ dqg wkh hpsw| surgxfw lv uhsodfhg e| 
Surri1 Vhh wkh Dsshqgl{
Wkh deryh h{suhvvlrq lv frqyhujhqw iru  9’ f zkhq ^

: o

/ zklfk lv wkh ydoxh
zh duh lqwhuhvwhg lq= f 	 K 	 1 Qhyhuwkhohvv/ iru ^

	 o

dq dowhuqdwlyh irup fdq
eh hdvlo| irxqg1 Wkhuhiruh/ d qxphulfdo sdfndjh frxog eh xvhg wr plqlpl}h
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zlwk uhvshfw wr wkh zhljkwv vxemhfw wr
&S
'


’ 1 Qrwlfh wkdw wkhuh lv qr jhq0
hudo forvhg irup vroxwlrq wr wklv sureohp1 D vroxwlrq fdq rqo| eh irxqg qxphu0
lfdoo|1 Wr vhh wkdw wkh vroxwlrq lv d plqlpxp mxvw uhfdoo wkdw Y
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j/ zklfk lv rqh vwdqgdug uhvxow ri Odsodfh wudqvirupv ri ghqvl0
wlhv zlwk vhplfrpsdfw vxssruw ehlqj frqyh{ frpsohwho| prqrwrqh ixqfwlrqv1 E|
wkh surshuwlhv ri Odsodfh wudqvirup zh fdq ixuwkhu dujxh wkdw wkhuh h{lvw d uhdo 

vxfk wkdw *4
< 
Y. i Tt3%
Y
 f vxemhfw wr
&S
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’ 1 Wkh uhvxow kroglqj iru wkh
pxowlyduldwh fdvh hvwdeolvkhv wkh h{lvwhqfh ri vxfk d 

1
Wkh surfhgxuh dgyrfdwhg deryh kdv uphu hfrqrplf jurxqg wkdq wkh vlpsoh
phdq0yduldqfh rswlpl}dwlrq1 Pruhryhu/ wkh ydoxh ri  kdv gluhfw hfrqrplf lqwhu0
suhwdwlrq1 Zh ihho wkdw wkh deryh rswlpl}dwlrq kdv qrw ehhq ihdvleoh ehfdxvh ri
gl!fxowlhv fdxvhg e| pxowlyduldwh qrq0qrupdo ghqvlwlhv1 Krzhyhu/ wkh xvh ri wkh
frsxod ixqfwlrq dqg wkh Ehuqvwhlq rshudwru pdnhv wklv srvvleoh1
Li zh zlvk wr vlpxowdqhrxvo| frpsxwh ydoxh dw ulvn ru xwlolw| iuhh rswlpdo
zhljkwv/: wklv fdq eh grqh e| lqyhuwlqj wkh fkdudfwhulvwlf ixqfwlrq wr qg wkh ghq0
:Zh xvh wkh whup xwlolw| iuhh rswlpdo zhljkwv wr lqglfdwh wkh vroxwlrq wr wkh iroorzlqj sureohp/
plq
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Wkh fdofxodwlrq lv whglrxv exw/ lq wklv fdvh/ vwudljkwiruzdug ehfdxvh ri wkh sro|qr0
pldo vwuxfwxuh ri wkh fkdudfwhulvwlf ixqfwlrq1
816 D Vlpsoh Looxvwudwlyh H{dpsoh
Rswlpdo sruwirolr zhljkwv iru wkh vlpsoh wzr glphqvlrqdo fdvh duh fdofxodwhg iurp d
vlpxodwhg udqgrp vhulhv1 Wkh uhvxowv ghulyhg wkurxjk rxu dssurdfk dqg wkh xvh ri
qrupdolw| duh frpsduhg wr wkh rswlpdo zhljkwv ghulyhg iurp plqlpl}lqj wkh hpslu0
lfdo Odsodfh wudqvirup1 Xqghu vxlwdeoh frqglwlrqv/ wkh hpslulfdo Odsodfh wudqvirup
lv d frqvlvwhqw hvwlpdwru ri wkh wuxh Odsodfh wudqvirup= solp 
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j1 Lq idfw/ doorzlqj iru vhyhudo vlpxodwhg revhuydwlrqv wkdw duh hu0
jrglf dqg hsrfk xqfruuhodwhg/ wklv vhhpv wr eh wkh ehvw dydlodeoh fulwhulrq iru
dvvhvvlqj wkh shuirupdqfh ri rxu phwkrgrorj| yhuvxv qrupdolw|1 Wzr wkrxvdqgv
revhuydwlrqv iru wzr gdwd vhulhv zhuh jhqhudwhg xvlqj wkh iroorzlqj gdwd jhqhudwlqj
surfhvv=
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E lv vrph ixqfwlrq dqg |
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lv d w0glvwulexwhg udqgrp yduldeoh1
Wkh Dsshqgl{ frqwdlqv ghwdlov derxw lw/ soxv vxppdu| vwdwlvwlfv dqg d ihz ghwdlov1
Wkh deryh vshflfdwlrq zloo jxdudqw| qrq hoolswlflw| iru d qrq wulyldo fkrlfh ri
s
,
E  Wkh fruuhodwlrq iru wkh jhqhudwhg vhulhv lv htxdo wr f2DS/ zkhuh wkh uvw
vhulhv kdv orzhu phdq zlwk orzhu yduldqfh1 Wkh gdwd duh ghqhg ryhu wkh uhdo olqh
dqg fdq eh wkrxjkw dv orj glhuhqfhv lq sulfhv1 Wkhuhiruh/ d prglhg Zhlexoo lv
xvhg1 Dv phqwlrqhg ehiruh/ d prglhg Zhlexoo doorzv iru pxfk jhqhudolw|1 Lq idfw
lw fdq fdswxuh idw wdlov dqg dssur{lpdwh ghqvlwlhv wkdw duh erwk vwulfwo| frqyh{ ru
ehoo vkdshg1
Dowkrxjk lq sruwirolr sureohpv lw lv dssursuldwh wr xvh dulwkphwlf uhwxuqv/ zh
xvh jhrphwulf uhwxuqv1 Dulwkphwlf uhwxuqv kdyh wkh luulwdwlqj survshfw ri ehlqj
erxqghg ehorz1 Vlqfh rqh ri rxu frpshwlqj prghov lv qrupdo uhwxuqv/ zh kdyh
fkrvhq wr xvh jhrphwulf uhwxuqv vr wkdw erwk prghov kdyh wkh vdph udqjh1 Wkh
hfrqrplf udwlrqdoh iru qrw erxqglqj uhwxuqv ehorz lv wr mhwwlvrq wkh iuhh glvsrvdo
zkhuh D @ iV = V  fj1
5<
dvvxpswlrq1 Wkxv zh prgho dq lqyhvwru zkr frqvlghuv rswlpl}lqj d sruwirolr ri
iruzdug frqwudfwv/ rzqhuvkls ri zklfk frqihuv d oldelolw| rq wkh kroghu1
Iru vlpsolflw|/ wkh sdudphwhuv zhuh hvwlpdwhg lq d wzr vwhs surfhgxuh1 Wkh
olnholkrrg iru wkh xqlyduldwh pdujlqdov zhuh vhsdudwho| pd{lpl}hg1 Xvlqj wkh hv0
wlpdwhg sdudphwhuv iurp wkh xqlyduldwh olnholkrrgv/ wkh olnholkrrg iru wkh frsxod
zdv rswlpl}hg zlwk uhvshfw wr wkh ghshqghqfh sdudphwhu> vhh Mrh +4<<:, s1 5<<0
634 iru ghwdlov1 Wkh ehvw w/ xqghu wkh frqvwudlqw K  / jlyhv K ’  iru erwk
vhulhv/ dqg @ ’ SbD dqg @2 ’ fHb iru wkh uvw dqg wkh vhfrqg/ uhvshfwlyho|1
Zh xvh K   dv frqvwudlqw lq rughu wr vlpsoli| wkh fdofxodwlrqv1 Krzhyhu/ wkh
w vwloo uhpdlqv jrrg1 Iljxuh LY vkrzv wkh judsk ri wkh uvw vhulhv> fohduo|/ lw lv
kljko| shdnhg1 Dfwxdoo| pruh frpsoh{ ihdwxuhv hphujh/ exw iru vlpsolflw| zh gr
qrw wu| wr prgho wkhp1 Wkhuhiruh/ zh mxvw dvvxph v|pphwu|1 Wkh frsxod ixqfwlrq
lv hvwlpdwhg sdudphwulfdoo| dqg d Sodfnhww frsxod lv xvhg/
 Ec ( w  
2
iEw    n Ew   En 
 E n Ew   En 2  ew Ew    2j
Iljxuh Y vkrzv wkh 6 glphqvlrqdo judsk ri wkh Sodfnhww frsxod ghqvlw|1 Wkh ghshq0
ghqfh sdudphwhu hvwlpdwhg iru wklv frsxod lv w ’51478<1 Wkhq/ zh dssur{lpdwh wkh
deryh frsxod e| d Ehuqvwhlq sro|qrpldo1 Wkh rughu ri wkh Ehuqvwhlq sro|qrpldo lv
? ’ f1 Ehfdxvh ri wkh orz ghshqghqfh ri wkh wzr vhulhv/ wklv rughu ri sro|qrpldo
lv dghtxdwh1 Lqghhg/ vlplodu uhvxow xs wr 6 ghflpdo srlqw zhuh irxqg xvlqj d odujhu
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sro|qrpldo1; Wkh Ehuqvwhlq dssur{lpdwlrq wr wkh frsxod ghqvlw| lv wkh iroorzlqj/
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1 Wkhuhiruh/ wkh sureohp lv uhgxfhg wr wkh hydoxdwlrq
ri wkh Odsodfh wudqvirup ri d vlpsoh h{srqhqwldo ixqfwlrq1 Krzhyhu/ fduh kdv wr
eh xvhg lq hydoxdwlqj wkh lqwhjudo vlqfh wkh ixqfwlrq lv qrw fhqwhuhg dw wkh ruljlq
dqg lw lv qrw glhuhqwldeoh dw lwv pd{lpxp1 Wkhuhiruh/ wkh lqwhjudo zdv vsolw lqwr
wzr sduwv1 Ghwdlov ri wkh fdofxodwlrqv duh dydlodeoh xsrq uhtxhvw1 Wkh ixqfwlrq zdv
pd{lpl}hg zlwk uhvshfw wr wkh zhljkw  zklfk lv dvvrfldwhg zlwk wkh uvw dvvhw
Wkh vdph fdofxodwlrq zdv fduulhg rxw dvvxplqj qrupdolw|/ dqg rswlpl}lqj wkh hp0
slulfdo Odsodfh wudqvirup1 Wkh frh!flhqw fkrvhq iru wkh h{shfwhg xwlolw| ixqfwlrq
dv ghqhg lq +46, zdv  ’ fD Wkh uhvxowv duh vkrzq lq Wdeoh LL1< Wkh uhvxowv
vkrz wkdw xqghu wkh qrupdolw| dvvxpswlrq wkh ulvn lv xqghuhvwlpdwhg1 Qrupdo0
lw| fkrrvhv d orzhu zhljkw iru wkh yduldeoh wkdw lv vdihu dffruglqj wr wkh hpslulfdo
Odsodfh wudqvirup/ exw zklfk kdv orzhu phdq1 E| frqvwuxfwlrq zh fdq h{shfw wkh
uvw vhulhv wr eh uhsuhvhqwdwlyh ri d ohvv ulvn| dvvhw1 Lq idfw/ wklv zdv jhqhudwhg
xvlqj d w0glvwulexwlrq zlwk < ghjuhhv ri iuhhgrp soxv d shuwxuedwlrq whup/ yhuvxv
wkh : ghjuhhv ri iuhhgrp ri wkh vhfrqg rqh1 Wkh uhdghu lv uhihuuhg wr wkh dsshqgl{
;Riwhq/ wkh rughu ri sro|qrpldo lpsuryhv wkh w lq whupv ri fxuydwxuh1 Lq vlpsoh fdvhv olnh
wklv rqh/ wkh vwdwlrqdu| srlqw ri wkh ixqfwlrq zrxog doprvw eh wkh vdph dv zh lqfuhdvh wkh rughu
ri wkh sro|qrpldo1
<Iru q @ 53/ z zdv irxqg wr eh 3185881
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iru ghwdlov rq wkh gdwd jhqhudwlqj surfhvv1 Dv phqwlrqhg ehiruh/ wkh ulvn ri uxlq
lv pxfk kljkhu/ exw qrupdolw| grhv qrw fdswxuh wklv1 Ixuwkhu/ qrw orrnlqj dw doo
kljkhu rughu prphqwv grhv qrw doorz xv wr hhfwlyho| dvvhvv ulvn1 Lqghhg wkh vhfrqg
vhulhv kdv d orzhu nxuwrvlv/ exw kljkhu yduldqfh1 Wkhvh wzr dorqh gr qrw doorz iru
uljrurxv suredelolvwlf dvvhvvphqw ri ulvn1
Ehwwhu uhvxowv frxog eh rewdlqhg/ exw wkh sxusrvh ri wklv vlpsoh h{huflvh zdv mxvw
wr vkrz wkdw uhvxowv pljkw eh h{wuhpho| glhuhqw xqghu wkh wzr dssurdfkhv dqg
wkdw rxu phwkrg jlyhv d txlwh forvh dqvzhu wr wkh wuxh hyhq zkhq mxvw d vpdoo rughu
ri sro|qrpldo lv xvhg1 Zh uhfdoo wkdw wkh hpslulfdo Odsodfh wudqvirup grhv qrw jlyhv
wkh h{dfw dqvzhu/ exw wkh hvwlpdwhg zhljkw frqyhujhv dv|pswrwlfdoo| wr wkh wuxh
ydoxh e| wkh frqwlqxlw| ri wkh xwlolw| ixqfwlrq dqg wkh hsrfk xqfruuhodwlrq ri wkh
gdwd vhulhv1 Wklv fdq eh hdvlo| vkrzq e| ghowd phwkrg1 Hpslulfdo dssolfdwlrqv zloo
eh surylghg lq wkh ixwxuh1
9 Frqfoxglqj Wkrxjkwv
D vshflf whfkqltxh wr hvwlpdwh ghshqghqflhv dqg sruwirolr ghqvlwlhv zdv glvfxvvhg1
Wklv fdq eh dfklhyhg hlwkhu wkurxjk vhplsdudphwulf ru sdudphwulf hvwlpdwlrq1 Lq
wkh iruphu fdvh dq hpslulfdo frsxod zrxog eh hvwlpdwhg/ lq wkh odwwhu d sdudphwulf
rqh1
Wudfwdeoh uhvxowv zhuh ghulyhg e| wkh lqwurgxfwlrq ri wkh Ehuqvwhlq rshudwru1
Lqghhg/ sdudphwulf idplolhv ri frsxodh doorz iru yhu| frpsoh{ ghshqghqf| vwuxfwxuh1
Krzhyhu/ zkhq wkh glphqvlrq lqfuhdvhv dqg v|pphwu| lq wkh ghshqghqfh vwuxfwxuh
lv uxohg rxw/ wkhq elj sdudphwulf prghov kdyh wr eh hvwlpdwhg1 Wkh sureohp zlwk
h{suhvvlrqv kdylqj frpsoh{ vwuxfwxuh lv wkdw lw pljkw eh lpsrvvleoh wr ghulyh dq|
ixuwkhu uhvxowv1 Rq wkh rwkhu kdqg wkh xvh ri Ehuqvwhlq sro|qrpldov doorzv uhvxowv wr
eh wudfwdeoh1 Pruhryhu/ vrph sdudphwulf idplolhv ri frsxodh kdyh d vwuxfwxuh wkdw
lv lghqwlfdo wr d Ehuqvwhlq sro|qrpldo soxv d nqrzq dgglwlrqdo whup1 Dv ghvfulehg
lq wkh sdshu/ ihdvleoh uhvwulfwlrqv fdq eh lpsrvhg wr wkh sdudphwhuv lq rughu wr
ghqh d frsxod ixqfwlrq1 Wklv doorzv wr ghqh jhqhudol}hg idplolhv ri pxowlyduldwh
glvwulexwlrq1
Wkh frqyhujhqfh surshuwlhv ri wkh Ehuqvwhlq dssur{lpdwlrq zhuh lqyhvwljdwhg
iru wkh duelwudu| & glphqvlrqdo fdvh1 Wkhuh lv d ydvw olwhudwxuh rq frqyhujhqfh ri
Ehuqvwhlq sro|qrpldov1 Krzhyhu zh glg qrw qg vshflf uhvxowv iru wkh & glphq0
vlrqdo fdvh1 Iru wkh vdnh ri frpsohwhqhvv/ zh suhihuuhg wr lqwurgxfh wkhp h{solflwo|1
Dv phqwlrqhg lq wkh lqwurgxfwlrq/ Ehuqvwhlq sro|qrpldov duh remhfwv wkdw dulvh
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lq pdq| eudqfkhv ri pdwkhpdwlfv dqg suredelolw|1 Wkh uhsuhvhqwdwlrq ri Ehuqvwhlq
sro|qrpldov wkurxjk wudqvfhqghqwdo ixqfwlrqv lv frqyhqlhqw wr ghulyh vrph uhvxowv1
Iru h{dpsoh zh hdvlo| irxqg wkh fryduldqfh ri pdujlqdov xvlqj Ehuqvwhlq sro|qr0
pldov1 E| wkh ghqlwlrq ri frsxod/ wkh mrlqw prphqwv zlwk uhvshfw wr wkh pdujlqdov
duh ri lqwhuhvw/ exw gr qrw whoo wkh ixoo vwru| derxw ghshqghqfh1
Zh dovr surylghg dq dssolfdwlrq wr wkh frqvwuxfwlrq ri d jhqhudo sruwirolr1 Il{hg
Zhlexoo pdujlqdov zhuh fkrvhq ehfdxvh ri wkhlu grfxphqwhg dghtxdf| wr fdswxuh
wkh glvwulexwlrq ri qdqfldo uhwxuqv1 Lw zdv vkrzq wkdw wkh sureohp lv d xqlyduldwh
sureohp lq yluwxh ri wkh xvh ri wkh Ehuqvwhlq rshudwru1 Zh hvwdeolvkhg wkh h{lvwhqfh
ri rswlpdo uhdo zhljkwv iru wkh sruwirolr dffruglqj wr hfrqrplf wkhru| zlwkrxw wkh
uhvwulfwlyh xvh ri txdgudwlf xwlolw|1 Ilqdoo|/ zh zrunhg d vlpsoh vlpxodwlrq h{dpsoh
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frqglwlrqv ri rxu h{shulphqw1 Pruhryhu/ zh uhpdun wkdw rqo| d vpdoo rughu ri
sro|qrpldo zdv xvhg lq rughu wr ghulyh rxu uhvxowv1 Wkh lqwxlwlrq lv wkdw zkloh vorz
wr dgmxvw/ wkh Ehuqvwhlq sro|qrpldov fdswxuh idluo| zhoo wkh wxuqlqj srlqwv ri wkh
ixqfwlrq1
Vhyhudo lvvxhv zhuh rqo| eulh | frqvlghuhg1 Zh mxvw phqwlrqhg wkhlu sdudooho
zlwk qrq sdudphwulf hvwlpdwlrq dv d frqvhtxhqfh ri wkhlu vlqjxodu lqwhjudo uhs0
uhvhqwdwlrq1 Lq idfw/ dq hpslulfdo frsxod frxog eh hvwlpdwhg xvlqj d Ehuqvwhlq
sro|qrpldo dv vprrwkhu1 Zh glg wkdw lq d frpsdqlrq sdshu zkrvh uhvxowv duh
yhu| surplvlqj lq frpsdulvrq wr nhuqho hvwlpdwlrq1 Lq d zd|/ wklv lv d qhz lghd
lq ghqvlw| hvwlpdwlrq lq wkh hfrqrphwulfv olwhudwxuh1 Frsxodh rshq d grru iru wkh
xvh ri pxowlyduldwh vhplsdudphwulf hvwlpdwlrq/ l1h1 li wkh pdujlqdov duh nqrzq/ wkh
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frqvlvwhqf| zlwk wkh gdwd1
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Qhyhuwkhohvv/ li Ehuqvwhlq sro|qrpldov duh xvhg dv dq dssur{lpdwlrq diwhu frsxod
hvwlpdwlrq/ lw lv srvvleoh wr ohw wkh rughu ri wkh sro|qrpldo jr wr d odujh qxpehu
vwloo doorzlqj iru wudfwdeoh uhvxowv1 Rwkhu ehwwhu dssur{lpdwlrqv zrxog uhtxluh vhy0
hudo frpsxwdwlrqv dv wkh qxphulfdo hydoxdwlrq ri vrph frpsolfdwhg lqwhjudov dqg
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hfwlyhqhvv ri wkh vxjjhvwhg whfkqltxhv1
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E Wudqvfhqghqwdo Ixqfwlrqv dqg wkh Ehuqvwhlq
Rshudwru
Dq dowhuqdwlyh uhsuhvhqwdwlrq ri wkh Ehuqvwhlq frsxod lv wkurxjk lqfrpsohwh ehwd
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Wkh ydoxh ri wklv
uhsuhvhqwdwlrq wkurxjk wudqvfhqghqwdo ixqfwlrqv vkrxog qrw eh xqghuhvwlpdwhg1 Lq
idfw/ wklv dozd|v doorzv rqh wr gluhfwo| zulwh wkh Ehuqvwhlq frsxod lq srzhuv ri
wkh pdujlqdo glvwulexwlrqv rqo|1 Wkhuhiruh/ lw lv srvvleoh wr zrun zlwk glvwulexwlrqv
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wkdw fdq eh uhjdughg dv pxowlyduldwh glvwulexwlrq ixqfwlrqv ri _ udqgrp yduldeohv1
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dq| frqyhujhqfh lvvxh lv dyrlghg1 D vlplodu uhvxow fdq eh rewdlqhg e| zulwlqj
E ’
S
r'f
Er
r

r zklfk lv wkh idploldu elqrpldo h{sdqvlrq/ dqg vxevwlwxwlqj
lw lq wkh frsxod glvwulexwlrq1 Uhphpehu wkdw zkhq zh glhuhqwldwh zh orrvh rqh
idfwru lq wkh vxppdwlrq1
Glhuhqwldwlqj +47, zh fdq qg d xvhixo h{suhvvlrq iru wkh Ehuqvwhlq ghqvlw|
frsxod
Y&E

c c 
&

Y

Y
2
   Y
&
’  n
?[
'f

?&[
&'f
q



?

c c

&
?
&


&\
'

?




Y
Y



n



n 
58 4E

n c 

 ?

( 

n 2( 


’  n
?[
'f

?
&[

&
'f
q



?

c c

&
?
&


&\
'

?







48 3E

 ?

(

 +48,
F Wkh Iluvw Wzr Prphqwv ri wkh Sruwirolr
Wkh uvw wzr prphqwv fdq eh hdvlo| fdofxodwhg iurp +45,1 Uhphpehu wkdw . E7? lv
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Wr jlyh d pdqdjhdeoh h{dpsoh zh rqo| frqvlghu wkh uvw wzr prphqwv1 Xvxdoo|
lqwhuhvw olhv mxvw rq wkhvh wzr1 Wkh uvw prphqw lv jlyhq e| wkh glhuhqw zd|v ri
fkrrvlqj rqh remhfw rxw ri &/ l1h1 &1 Wklv phdqv wkdw wkh uvw prphqw lv jlyhq
e| wkh vxp ri wkh vxp ri wkh iroorzlqj & whupv/ }

}
f2
   }
f
&
n }
f
}
2
   }
f
&
n n
}
f
}
f2
   }

&
=
. E7 ’
?[
'f

?
&[

&
'f
q



?

c c

&
?
&

E}

}
f2
   }
f&
E

 n }
f
}
2
   }
f&
E
2
 n 
n}
f
}
f2
   }

&
E
&
c
zkhuh }
,
lv dv ghqhg deryh1 Wkh vhfrqg prphqw lv jlyhq e| wkh vxp ri wkh vxp
ri wkh iroorzlqj &n

&
2

whupv/ E
}2
}f2
uuu}f
&
n}f
}22
uuu}f
&
nn}f
}f2
uuu}2
&

2
nE}

}
2
   }
f&
n
}

}
f2
}

   }
f
&
n  n }
f
}
f2
   }

&3
}

&
=
.

72

’

2
?[
'f

?
&[

&
'f
q



?

c c

&
?
&

E}
2
}
f2
   }
f
&
E

2 n }
f
}
22
   }
f
&
E
2
2 n 
n}
f
}
f2
   }
2
&
E
&
2
n
?[
'f

?
&[

&
'f
q



?

c c

&
?
&

E}

}
2
   }
f
&
E


2
 n }

}
f2
}

   }
f
&
E



 n 
n}
f
}
f2
   }

&3
}

&
E
&3

&

Iru kljkhu rughu wkh qrwdwlrq lv ohqjwk| dqg xvh ri whqvru qrwdwlrq lv qhfhvvdu|1
Krzhyhu/ wkhvh uvw wzr prphqwv duh vx!flhqw li phdq yduldqfh rswlpl}dwlrq lv
shuiruphg1
G Hvwlpdwlrq uhvxowv dqg Judskv
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Figure I. Kimeldorf and Sampson (KS) copula density (q=1.06) 
 
 
 
 
 
Figure II. KS copula (q=1.06), contour plot 
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Figure III. Bernstein approximation to the KS copula (q=1.06, n=30), contour plot 
 
 
 
 
 
 
Figure IV. First series of simulated random data 
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Figure V. Plackett copula (q=2.14) 
 
 
 
 
 
 
 
